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Abstract 

We completely accomplish the canonically covariant quantization of Ramond-Neveu-Schwarz 
(RNS) superstrings in the pp-w&ve background with a non-zero flux of the NS-NS antisymmet- 
ric two-form field. Here this flux is equivalent to a nonvanishing torsion. In this quantization, 
general operator solutions, which satisfy the entire equation of motion and all the canonical 
(anti)commutation relations, play an important role. The whole of covariant string coordinates 
and fermions can be composed of free modes. Moreover, employing covariant free-mode repre- 
sentations, we calculate the anomaly in the super- Virasoro algebra and determine the number of 
dimensions of spacetime and the ordering constant from the nilpotency condition of the BRST 
charge in the pp-w&ve background with the flux. 
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§1. Introduction 



The perfect quantization of superstrings in a variety of backgrounds, for example curved space- 
time, is of great importance. In particular, the canonical quantization is significant for searching the 
fundamental laws of physics, including the string landscape, the string field theory, the AdS/CFT 
correspondence and matrix models. Of course, quantization in a number of interesting backgrounds 
has already been investigated and has been applied to many models. However, the canonically co- 
variant quantization, which is the point to understand the fundamental structure, of superstrings 
in the curved spacetime background is not yet accomplished. Therefore, it is necessary to do 
new development, and it is effective to make a thorough investigation of the canonically covariant 
quantization for superstrings in the simple curved spacetime background. 

The purpose of this paper is to canonically quantize the Ramond-Neveu-Schwarz (RNS) super- 
string in the pp-wave background with a non-zero flux of the NS-NS antisymmetric two-form field, 
by using the covariant BRST operator formalism. The method of the covariant BRST quantization 
of bosonic strings in the pp-wave background with the flux, which we have already performed, 1 ) is 
very useful for canonical quantization of the superstrings. Moreover, it is particularly important to 
construct general operator solutions and covariant free-mode representations. First, we construct 
the general operator solutions which satisfy the entire equation of motion and all the canonical 
(anti)commutation relations. Here the equations of motion mean the Heisenberg equations of mo- 
tion whose form is that of the Euler-Lagrange equations of motion in the pp-wave background 
with the flux. The general operator solutions of covariant string coordinates and fermions can be 
composed in the covariant free-mode representations. Second, by using the free-mode representa- 
tions of the covariant string coordinates and fermions for the energy-momentum tensor and the 
supercurrent, we calculate the anomaly in the super- Virasoro algebra and determine the number 
of dimensions of spacetime and the ordering constant from the nilpotency condition of the BRST 
charge in the pp-wave background with the flux. Our covariant quantization has a deep mean- 
ing and will bring a new effect, though there are other methods, 2 )~ 13 ) for example, the light-cone 
quantization and the conformal field theory. 

This paper is organized as follows. In §2 we briefly review the action of the RNS superstring in 
general background fields and the pp-wave background with the flux. In §3 we obtain the equations 
of motion of a closed superstring in the pp-wave background with the flux and construct the general 
solutions of them. In §4 we make Dirac brackets in the general background by using the second-class 
constrains for Majorana fermions, and we complete all the canonical (anti) commutation relations. 
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We also explain the canonical anticommutation relations of the Ramond (R) fermions and the 
Neveu-Schwarz (NS) fermions. It is important to note the anti-periodic delta function appearing in 
the NS sector. In §5 we present new free-mode representations of all the covariant string coordinates 
and fermions, and we write up the definition of the normal orderings about the modes of twisted 
fields. The general operator solutions are explained in §4 and §5. In §6 we prove that both the 
general operator solutions and the free-mode representations satisfy all the equal-time canonical 
(anti)commutation relations among all the covariant string coordinates and fermions. In §7 we 
calculate the anomaly in the super- Virasoro algebra by using the energy-momentum tensor and the 
supercurrent in the free-mode representations of all the covariant string coordinates and fermions. 
We also comment on the super- Virasoro algebra of ghosts and antighosts. In §8 we determine the 
number of dimensions of spacetime and the ordering constant from the nilpotency condition of the 
BRST charge in the pp-wave background with the flux. Section 9 contains some conclusions. 



Before discussing our models, we explain our notation. We take as the flat world-sheet metric 
r] ab = diag(— 1, +1) and choose the representation of the two dimensional Dirac matrices 7 = 
ia 2 , 7 1 = a 1 . Moreover we define 73 = 7°7 1 = a 3 . Here o l (i = 1,2,3) are Pauli matrices. 
The Dirac matrices obey the Dirac algebra {7 a ,7 6 } = 2r] ab and satisfy the following relation 
-y a j b = rf h + e ab 73, where e ab is the totally world-sheet anti-symmetric tensor (e 01 = +1). We 
define a two dimensional Majorana spinor ip = f , and we use the components of the Majorana 
spinor as ipA (A = +, — ). The Dirac conjugate of tp is ip = ^7° = if^j = 

We consider the RNS superstring in the background fields which are a general curved spacetime 
metric G^ u and a NS-NS anti-symmetric tensor field B^ v . Our starting point is the total action 
S = SM + ScF+gh; where Sm has the local supersymmetry and the total action S is BRST invariant. 
The action 5m with the string coordinates, the Majorana fermions, the zweibein and the world-sheet 
gravitino is 14 ) -19 ) 



§2. Action and Backgrounds 




— J drdae^G^ + e^e^ B^)d a X»d p X» + iG^^V^ 

+ \n wva ^{i + 73)^(1 + izW 

+ 2zG^xa^rrdpx» + ^xa^rxprr + \H^ pXa i p i a rvi^v] . (2-1) 
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The action SxjF+gh with ghosts and antighosts is 

SGF+ g h = ^ J drdae [s^e^ - 5 a a ) + &% X a ~ tb a pV a c^ + ^V Q 7 ] , (2-2) 

where the action includes the gauge-fixing condition and the antighosts are restricted from the 
conditions of the Weyl symmetry, the super- Weyl symmetry and the local Lorentz symmetry. We 
have to note that the indices a, b denote the local Lorentz world-sheet indices which run over 0,1, 
the greek indices a, (3 denote the curved world sheet indices which run over 0,1 and the greek indices 
H, is, p, a, A, u denote the spacetime indices which run over 0, 1, ■ ■ ■ ,D — 1. The fields which appear 
on this world-sheet are string coordinates (world-sheet bosonic fields) and their superpartners 
(world-sheet Majorana fermionic fields) ip^i zweibein e a a and their fermionic superpartners (grav- 
itino) Xa- We define the curved world-sheet metric g a p and the determinant of the zweibein as 
follows: g a/ 3 = e^e^rjaj,, e = dete Q a . Moreover we had better define the inverse of the zweibein as 
e a a = (e Q a ) _1 for useful. Then Dirac matrices in curved world-sheets become j a = e a a 7 a . Here we 
define the covariant derivative V a and the generalized Riemann tensor TZp pU(T , which contain the 
flux of the NS-NS anti-symmetric field, as follows: 

v a r = d a r + (r v pa + \^hA d a x?r, (2-3) 

Tly.pva = Rp,pua + - C^uHppa - V a Hp pu ) + -Gaw (^H pu H pcr - H pcr H pl ^j (24) 

We use the Christoffel symbol r^, the field strength of the NS-NS anti-symmetric field H^p, the 
ordinary Riemann tensor Rp Upa and the spacetime covariant derivative of the NS-NS flux V pH upa , 
whose definitions are as follows: 

= \g» v (d a G up + d p G va - d v G pc ) , (2-5) 

Hp U p = dpB U p + d v B p p + d p Bp U , (2-6) 

Rp^vpa = G p\{dpr ua — d a r vp + B u)p B vu — B u)a B vp ) i (2'7) 

^ p,H U p a = dpH V p a — B vp B\ pa — I pp H v \ a — B ap Bl vp \ . (2'8) 

In the action ScF+gh = Sgf + S^, Sgf is the gauge fixing action and 5 g h is the Fadeev-Popov ghost 
action. B{^ and £>f are the auxiliary fields to fix the gauge. c a , b a p and 7, (3 a are, respectively, 
the ghost field, the antighost field and their superpartners. Since we achieve the covariant BRST 
quantization for string theory in this paper, we choose the covariant gauge-fixing condition on 
the world-sheet; e a a = S a a and Xa = 0. These covariant gauge-fixing conditions are given by the 
equations of motion for the auxiliary fields B^ a and B%. Using these gauge-fixing conditions, the 



zweibein field and the gravitino field vanish from the action, so that the action has only and 
ip'i. After gauge fixing, we use the world-sheet light-cone coordinates = r ± a, so that the 
components of the world-sheet metric and the world-sheet totally antisymmetric tensor become 
i]^ = 77 h = —2 and e" 1 = — e ^ = —2. Also, their partial derivatives are then d± = \{d T ± d a ). 
Moreover, we use the spacetime light-cone coordinates = "^(A ± A 1 ) and the spacetime 
light-cone components of Major ana fermion ip^ = -^(^ ± ^a)- 

The condition that superstring theory be Weyl-invariant in quantization on the world-sheet 
requires that the renormalization group (3 functions must vanish at all loop orders; these necessary 
conditions correspond to the field equations, which resembles Einstein's equation, the antisymmetric 
tensor generalization of Maxwell's equation and so on. 20 ) As the background fields which satisfy 
these field equations, we use the following pp-w&ve metric and antisymmetric tensor field, whose 
flux is a constant: 

ds 2 = -/i 2 (A 2 + Y 2 )dX + dX + - 2dX + dX~ + dXdX + dYdY + dX k dX k , (2-9) 
B = —fiYdX + A dX + fj,XdX + A dY , (2-10) 

where we define A^ =2 = A and A^ =3 = Y, and the index k runs over 4, 5, ••• , D — 1, that is to 
say, the components of G pu and B pu are 

G++ = - / u 2 (A 2 + y 2 ), G+_ = G_+ = -l, (2-11) 
Gy=<5y, i,j = 2,3,--- ,D-1, (2-12) 
B+2 = -B 2+ = -fiY, B +3 = -B 3+ = fiX, (2-13) 

with all others vanishing. In this NS-NS pp-w&ve background, the generalized Riemann tensor 
becomes lZ ppua = because of the existence of the NS-NS flux, however this spacetime is highly 
curved at the standpoint of the ordinary Riemann tensor R ppua . Finally, we introduce the complex 
coordinates Z = X + iY, Z* = X — iY \*\ and the spacetime complex components of Majorana 
fermion = + iip\, ip^* = ~ ^a- Using the complex coordinates the pp-wave metric 
become G++ = -fi 2 Z*Z, G zz * = G z *z = \ and the NS-NS field become B +z = -B z+ = 
— t}/j,Z*, B +z * = —B z * + = %fj,Z. Moreover we introduce the world-sheet covariant derivatives 
D± = d± ± ifj,d±X + . Then the action Sm becomes the following form: 



5m= 2vra' 



— / drdal - 2<9 + A + <9_A~ - 2<9_A + d + A~ + (D + Z)*D_Z + (D^Z)*D + Z + 2d+X k d-X k 
ra J L 



*' In our previous paper, 1 ' we used the notation of Z for the complex conjugate of Z, however in this paper we 
use the notation of bar for the Dirac conjugate of the fermionic field. Therefore we use the notation of Z* for the 
complex conjugate of Z in this paper. 



— iip+d-ip + — iip^L d+tp_ — itp + d-'ip+ — iip_d+tp^ 

+ % - {V>f £>-V? + ^OD-Vf)* + + ^ Z {D + ^ Z _Y) 

+ iiil>% {^ Z *D„Z - ^(D^Z)*} - n^t {^ Z *D + Z - ^ Z (D + Z)*} 

- ifi 2 Z*Z(4>ld^X + iptd+Tpl:) + + #-3+^-1 , (2-14) 

where we remove {ip±) 2 from the action Sm because of {ip±) 2 = in both quantum theory and 
classical theory. Here we note that the upper indices of ip^ A always denote spacetime indices and 
lower indices of ip^ always denote world-sheet spinor indices. Do not confuse upper indices with 
lower indices. 

§3. The equations of motion of X M and ip^ and their general solutions 



We obtain the equations of motion of X^ and ip A from the action (|2- 14j) v*\ These equations 
are obviously related to the Heisenberg equations of motion with respect to quantization. The 
equations of and ip^ intricately interact with each other in the simple variation of the action. 
However we can remove fermionic fields from the equations of X^, using the equations of ip^. 
Therefore the equations of X^ become the same as the equations in our previous paper. 1 ) It is no 
exaggeration to say that this enables us easily to quantize the case of the superstring in the NS-NS 
pp-wave background. Then we obtain the final equations of motion as follows. 

• The equations of motion of X + and X k are 

d+d-X + = 0, d+d-X k = 0. (3-1) 

• The equations of motion of Z and Z* are 

D + D_Z = 0, D* + D*_Z* = 0. (3-2) 

• The equation of motion of X~ is 

d+d-X~ + l -j [d+ (Z*D_Z - ZD*_Z*) - <9_ (Z*D + Z - ZD\Z*)\ = . (3-3) 

• The equations of motion of ip± and tp± are 

= o, d+ip+ = o, 3_v>+ = o, a+ipi = o . (34) 



**' When we differentiate with the Grassmann number 9, we always differentiate from the right-hand side: 

d(AB) _ 8B u \ B] dA 

where \B\ is the statistical factor of B 



The equations of motion of ip± and V>±* are 



D_(V>++i/iV+£) = 0, D+iip 2 : - ifiiptZ) =0, (3-5) 

-i^XZ*) = 0, D^(^f* + tM^l^*) = 0. (3-6) 

• The equations of motion of ^ are 

d_^7_ + ~/i [^*I>-Z - ^|(X>-Z)*] + ^ 2 cL(Z*Z)V| = 0, (3-7) 

d+^T - [Vf*X>+Z - (X>+Z)*] + ^ 2 d+(Z*Z)^ = . (3-8) 

Firstly we can solve the equations of bosonic fields, using the same method of the previous 
paper. 1 ) The general solutions of bosonic fields are as follows: 





= X+(a 


+ )+X+(a-), 




(3-9) 


X k (r,a) 


= x£(a 






(3-10) 


Z(r,a) 


= e~ i,Jt ~ 


f [f(a + )+g(a- 


)]. 


(3-11) 


Z*(r,a) 


= 


[f*(a+)+g*(a 


-)]> 


(3-12) 


X-(r,a) 


= X L (a 


+ )+X R (a-) + 


l -[f(a+)g*(a-)-r(a+)g(a-)) , 


(3-13) 



where L and R indicate the left-moving and right-moving parts, respectively. Here we define 

X+=X+-X+. (3-14) 

We note that X + is not the periodic function, so that the arbitrary functions f((J + ) and g(cr~) 
satisfy the twisted boundary conditions. 

Secondly we solve the equations of fermionic fields. The easiest equations are ip± and Thus 
the solutions are 

i>X(T,a)=t/>+(a+), ^(r,a)=^(a~), (3-15) 
<(r, f 7)=<(a+), ^(r,a)=^(0- (3-16) 

Needless to say, these fields are free fields. In the next place we solve the equations of ip± and ip±* . 
Because we can obtain the solutions of tp±* from Hermitian conjugate of ip±, it is enough to solve 
the equations of ip±. Here we define = ip± ±i/jif}±Z. The differential equations of (|3-5p become 
easier: 

{d T T ifid T X + )&i = 0. (3-17) 
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The general solutions are 



(3-18) 



where A + and A_ are arbitrary Grassmann function of a + and arbitrary Grassmann function of 
<t~ respectively. Here we may find the solutions which have only e~ t ^ x ^ or e~ l ^R; however, these 
solutions are difficult to quantize, and we had better choose the solutions which have the same the 
factor as Z from the standpoint of supersymmetry. Therefore we obtain the general solutions of 

V>± and V±* : 



(3-19) 
(3-20) 



where i/j±* is obtained by taking the Hermitian conjugate of if>±. Moreover substituting the general 
solution of Z and Z*, we can represent ip± and ijj±* by using the twisted fields / and g: 



il>l{r,a) = e~^ + [X + (a+) - t^X{a + ) + g(a~)}] , 

^(r,a) = e~^ + [A_(0 + i^+(a~) {f(a+) + g(a~)}] , 
1>?(T,v) = e i »* + [X* + (a + ) + i^X(<7 + ){f*(° + ) + 9*(v-)}] , 
1>z*(T,v) = e i »* + [X*_(a-)-i^t(<T-){f*(° + ) + 9*(°-)}] ■ 



(3-21) 
(3-22) 
(3-23) 
(3-24) 



We can confirm the existence of the supersymmetry between Z and V>± from direct calculation. 

Finally we solve the equations of ip±. As a matter of fact, using the equations of motion of 
if>±, V>±> the equations of motion of ip± become easier forms: 



d + 



{Z^l* - Z*^l) - (fifr+Z* Z 



2„/,+ 7 * , 



-{Z^ z _* - Z*1>Z) - n 2 iptz*z 



(3-25) 
(3-26) 



Therefore we can solve these equations, removing the differential operator from the left-hand side. 
The general solutions of ip± are 



r + = v> ; - 2 ( z ^+ - Z ^D - ^X z * z > 



V> I + 2 W 



-n 2 ii>±z*z. 



(3-27) 
(3-28) 



where ?/> 0+ and t/> _ are an arbitrary Grassmann function of er + and an arbitrary Grassmann 
function of a~ respectively. Moreover substituting the general solutions of Z, Z*,ip±, ip±*, we can 



represent ip+ by using the twisted fields /, g, X± as follows: 



r + {r,a) = ^ 7>+) - [f(a+) + g(a-)) \* + (a+) + [f (*+) + g* (a~)] A+(cr + ), (3-29) 

4>Z(t,<t) = VoKO + \» [/(^ + ) + <KO] A* (O - ^ [/* (^ + ) + <?*(0] A- (a") . (3-30) 

We can solve all the equations of motion of the superstring in the NS-NS pp-wave background 
generally and we represent all the general solutions by using the useful fields in spite of existence 
of interactions. After this section, we quantize these general solutions. Before we quantize these 
solutions, we have to consider the method to quantize superstrings in the background fields. Su- 
perstrings in the background fields have some constraints. In the following section, we consider the 
constraints and we construct the formula of canonical (anti) commutation relations by using the 
Dirac brackets. 

§4. Constraints from Majorana fermion and Dirac bracket 

We consider the second-class constraints from RNS superstrings in the background fields G^u 
and B^ u . The canonical momenta associated with string coordinates and Majorana fermions 
^ are defined as 

'73 



G lw Q T X v - B^X" + -G^o{r« + ■girLW 



(4-1) 



ds M i 

M d(d T X») 27ra' 

^=wkr^ G ^ < 4 - 2) 

where d T = and d a = -S^. In the case of the fermions, we always differentiate the action with 
the Grassmann number from right-hand side. Although the momenta P^ contain d T X^ certainly, 
the momenta tt^a do not contain d T ^^. Therefore, they give rise to the second-class constraints 
4>/j,a = KfiA — ctG^^ 0. Here we must note that G^ u is a function of string coordinates 
X^. For this reason, Poisson brackets between the canonical momenta P^ and the constraints <t>^A 
are not zero, therefore we also must consider the Dirac brackets about P«. The Poisson brackets 
between X^ and (j)^A vanish, so that the Dirac brackets which contain X^ become the Poisson 



brackets. The other Dirac brackets become as follows: 



*) 



r ,n, \ iv, / u )-i-2TTa!G^ v 5 A B^ -a') :Rsector, 
«^").^(^")}d = |_.. wg ^ W((j _ ;NSsectori (4-3) 

I ^OvOABoyo — <j) '■ NS sector , 



In this paper, we leave out the description of r in the right-hand side about the Dirac brackets and the 
canonical (anti)commutation relations. 
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r / \ / a, JwM^-O :R sector, 

Wa(T,Ct), 7^(^(7 )}d = < ™ a ~ (4-5) 

[ W' ( - r ^°^- B °V cr - °" ) : N ^ sector , 

[P M (r,a),P,(r, C T / )]D = -^3 M G pA ^G™G^ A (aO^(a')<5(cx - a') , (4-6) 

[^(r, C r),7r, A (r, C j / )]D = - g^^G^Ca 7 )*^ - a') . (4-8) 

Here 5(a) denotes the ordinary periodic delta-function and 5(a) denotes the anti-periodic delta- 
function. We must consider the difference between the Ramond (R) fermions and the Neveu- 
Schwarz (NS) fermions. We must especially take notice of the NS fermions which have the anti- 
periodicity. In the case of the R fermions we can identify the world-sheet coordinates a and a' using 
the property of the periodic delta-function, however in the case of the NS fermions we cannot do it 
simply because of the anti-periodicity. The relation between the NS fermion and the delta-functions 
is 

^(a')5(a - a') = ^(a)5(a - a') . (4-9) 



We can prove this relation (|4-9p by using the Fourier expansions. Substituting the condition 
n M = J^G^A to tne Dhac brackets {^(r, a), it vB (t, <j')}d and {^(r, a), w u b(t, 0"')}d, these 
correspond to the Dirac bracket {ip^(r, cr), ^(t, <t')}d- Moreover using the Poisson bracket between 
P^ and G^y and the Leibniz rule, the Dirac bracket [P^(t, a), ~k v a(j, <t')]d corresponds to the Dirac 
bracket [Pu(t, a),ip A (r, o"')]d- They mean that we have only to consider the Dirac brackets between 
X^, P^, tfj 1 ^. Therefore we do not have to consider the Dirac bracket about tt^a- 

We quantize this constraint system, using the ordinary procedure which we replace i times 
Dirac brackets with the canonical (anti)commutation relations. Let us treat the case of the pp- 
wave background. The canonical (anti)commutation relations are as follows: 

• The canonical commutation relations between the bosonic fields and their momenta are 

[X^(r,a),P u (r,a')] = i6%S(a - a') , (4-10) 
[X»(t,<t),X v {t,o')]=0, [P tl (T,a),P v (T,a')]=Q. (4-11) 

• The canonical anticommutation relations between the fermionic fields are 



{r A (r,a)Mr,a')} = { ^^ Z ^s5(a -a') : R sector, 
WAV. hVB\> >S \ 2 ira'n 2 Z*Z5 AB 5(a-a') : NS sector , 



|^,+ ( T a ) -0- ( r a ')\ = I - 27 ra'5 A B5(a -a') : R sector , 

1 " \— 2t: a' 5 ab 5 (a — a') : NS sector , 
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r ,7, \ ,7*. / \ ~\ \ 4:Tra'5ABH<J - a') : R sector , , 

{^(r,a),^*(r,a')} = \ , ' (4-14) 

I Atkol dABO{cr — a ) : NS sector , 

r h , \ t \ i » , 1 2TTa'5 kl 5AB^{c — cf') : R sector , 

{^(r,a),^(r,a / )}= kl AB ) ' (4-15) 

I 27ra '8 ki 8abo{<t - a ) : NS sector . 

• The canonical commutation relations between the bosonic fields and the fermionic fields are 

[X^(r,cr),^(r,c7')]=0, (4-16) 
[P z (r,a),^(r,a')} = ^ 2 Z*^(a')5(a - a'), (4-17) 

[P z *(r,a),^(r,a')] = l -^ZiP+(a')5(a-a'), (4-18) 

with all other commutations vanishing. In the case of the NS fermion, the world-sheet coordi- 
nate of fermion must be a 1 because of the anti-periodicity. The characteristic point is that the 
(anti)commutation relations between tp^, Pz and Pz* do not vanish. We note that fortunately 
the commutation relations between the momenta vanish because of the inverse of metric G ++ = 
in the pp-wme background. Therefore we can quantize the bosonic fields using the same method 
of the previous paper. 1 ) Of course when p = 0, we obtain ordinary canonical (anti)commutation 
relations of superstrings in the flat spacetime. 

§5. Free-mode representation 

In this section we construct the free-mode representations in which the general operator so- 
lutions satisfy all the canonical (anti)commutation relations. The detailed proof of the free-mode 
representations in the canonically covariant quantization is given in the next section. The free-mode 
representations of bosonic fields without X~ are the same as the previous paper. 1 ) Because X~ 
interact with ip^ and V'a*' we nave to newly construct the free-mode representation of X~ from 
the commutation relations between X~ and if)^, i^a*- The free- mode representations of bosonic 
fields X + , X k , f, g are as follows: 

X+ = x+ + jp+(a+ + v-) + iM 1 £-[rte- ina + +a+e" m,J ~] , (5-1) 
X fe = x fe + ^/(a + + a-)+^^i[^e-^ + +^e-^-] , (5-2) 

= v^x: -^= e -^-^ + , (5 . 3) 

g (a-) = J^— e- t{n+ » )<T ~ ■ (5-4) 
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where which is put under S means n £ Z(ti / 0). Here the dimensionless factor p, is newly 

defined as 

fx = Lia'p + . (5-5) 

We must note that (i is not a constant, which depends on the momentum operator p + , so that 
the commutation relation [x — ,/2] = —ifia'. By Hermitian conjugate of / and g, we can obtain /* 
and g* , whose modes are defined as A^ N and JBL. In the next place, we construct the free-mode 
representation of fermionic fields. First the free-mode representation of ip± and ip± are the same 
as ordinary free fields: 

tfj+(a + ) = V^ i + e" rr<T+ , #t(0 = V^ Y ^rZ~ ira ~, (5-6) 

reZ+e reZ+e 

=Vrt J2 tfe-^, ^*(0 = v^ 7 ^e- 1 ™' (5-7) 

reZ+e reZ+e 

where e = in the R sector and e = \ in the NS sector. Second, we present the free-mode 
representations of ip± and ip±* , which must satisfy the Ramond or Neveu-Schwarz boundary con- 
dition of the closed superstring theory. Because the factor e - l i J - x+ ( T , cr ) m ^ i s transformed into 
e —i-nip, . e —ifj,x (r,a) unc [ er shift cr — > a + 27T, A-t in ^ are twisted fields. In other words, these 
fields satisfy the twisted boundary condition: 

, , + s i+e 27vi f l X + (a + ) :R sector, , . 

A + (7+ + 27r ) = \ + 5-8 

I — e ^A_f.(<T ) : NS sector, 

, . . ( +e 27Tiil \-(a-) :R sector, . N 

A_(ff" -2tt = < _ 5-9 
v > \- e z™n\_( a -) ; NS sector. V ' 

Under the boundary conditions (!5-8p . (|5 9)) . the free-mode representations of X± are 

A+(<t+) = v 7 ^ A r e~ l ' (r ~ A)<T+ , (5-10) 
r6Z+e 

A_( C 7-) = V2l7 Y Ke~ i(r+fl)cT ~ . (5-11) 

r6Z+e 

Thus we can obtain the free-mode representations of A^_ by taking Hermitian conjugate of A±: 



\* + (a + ) = V2rt Y Ke i(r '^ )a+ , (5-12) 



reZ+e 

\*_(a-) = V2rt Y ^W (r+fl)a ~- (5-13) 
reZ+e 

Third we present the free-mode representation of "07 . We have already known the free-mode repre- 
sentation of /, A-t and their Hermitan conjugate in . Imposing the canonical (anti)commutation 

12 



relations on ip A , must be absolutely free field, so that ip < does not contain other fields. There- 
fore the free- mode representations of ip ± are the same as ordinary free fields: 

ij Q -=V^ fce~ ira+ , (5-14) 

reZ+e 

Finally we explain the construction of the free-mode representation of X~ in detail. The 
canonical commutation relation between X~ and ip± must be zero, therefore the commutation 
relations between X~ and A± must be 

[X-(r,a),X ± (a' ± )}=^[X-(T,a),X + (a')}X ± (a' ± ). (5-16) 

We divide X^ + X^ into an almost free part, Xq q| and a completely non-free part, X^ . Moreover 
we divide X^ into the bosonic part X^ B which is constructed from / and g and the fermionic part 
X^p which is constructed from A±. The free- mode representation of X^ B is the same as that of our 
previous paper, and we can obtain X^ F using the same method of our previous paper. 1 ) Although 
we did not explain in detail how to construct the free-mode representation of X~ in the previous 
paper, here, we explain how to construct it. The mode expansion of X^ F is 

X w = a'p F r + iM £ 1 [a Fn e-™ + + ai^e*^] . (5-17) 

Here we note that X^ F do not contain the zero mode x~ , which is only contained in Xq . The 
commutation relation [X~ (r, a), X + (t, a')] is 



[X-(T,a),X + (T,a')} = [X (T,a),X + (T,a')] 

x'a' + a'Y-^'^ (5-18) 



-ioi ■ 



Calculating commutation relation (|5-16|) and comparing the left-hand side with the right-hand side, 
we can obtain the commutation relation between modes: 

\p F ,X r ] = -fJ'Xr, [Pf>VI = M-Vj (5-19) 
[ap n ,A r ] = -yUV2o'A n+r , [ap n ,A r ] = /iv / 2o7A n+r . (5-20) 



" almost free " means that only the zero-mode of X dose not commute with the twisted fields, namely /, g, 
and A±. 
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Therefore we can represent the modes p F , a Fn , a Fn by the modes A r and A r , using the anticom- 
mutation relations between the modes A r , A} (Eq, (|5-38p ) which are written up later: 



reZ+e 

a Fn = ^\/2o 7 AjA n+r , «p n = -/n/20 7 A^A„ +r , 



(5-21) 
(5-22) 



where the notation : : represents the normal ordered product, whose definition is given in the final 
part of this section (Eqs. lfFiOJl - tpRgj) ). Substituting these modes (jgZED , (fF^jl into (iFTTl) . we can 
obtain the free-mode representation of AfTp. Thus we can obtain the free-mode representation of 
X~ using X , X m , X~ F and X% , where X% = z -g{fg* - f*g): 



X — X Q + X 1B + X 1F + X 2 . 



(5-23) 



The almost free part X is 



1 / a 
X = x~ + -a'p~(a + + <r~) + i\ — 

2 V 2 * — ' n 



e- mu +a-e- ma 



(5-24) 



X 1B is the same as that of our previous paper: 1 ) 
X iB = M a ' [ sgn ( n ~ & : A n An : - s S n ( n + A) : B n B n ■ 



i/j,a 



E- 

z — ^ rr> — 



rn=£n 



m — n 



m + n — 2fi 

, ,+ , ,+ 



A\ A „i(m-n)(7 4 



m + n + 2/i 



Rt R i{m-n)a- 



(5-25) 



where we define = yjn =F Al- I n the summation with m / ti in Eq. (|5-25p . m and n run from 
-co to oo, excluding m = n. Note that the terms in this summation are not influenced by the 
normal ordered product. From the above calculation (|5T7p - (l5-22p . we can obtain the free mode 
representation of X± F : 



X 1F = fia ^2 ('■ ■ — ■ Aj,A r :)r + ifia' ^ — Aj,A n+r e 



AlA n ^ 



(5-26) 



reZ+e 



reZ+e 



We can also represent X 1B and X 1F by using the fields /, g and A± : 



X 



IB 



X 



I fjL 



j da + : (f*d+f - d+f*f) :-jda-: (g*d„g - d-g*g) : 



IF 



da + : AlA-i 



da : X*_\- 



(5-27) 
(5-28) 
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Here the integrals are indefinite integrals, and we choose the constants of integration to be zero. 
Moreover Jb and Jf are 

c2tt f-2-K 



Jb = 
Jf = 



i 

47T 

1 
47T 



/ da + : (f*3 + f - d+rf) : + / da~ : (g*d^g - d_g* g) 
Jo JO 



o jo 

2n p2tt 

do + : X\X + : + / da' : AIA_ : 
o Jo 



In the free-mode representation, Jb and Jf are given by 

J B = a '^2 [sgn(n - fi) : A\A n : +sgn(n + /}) : B^Bn : 
Jf = a ^2 ^ AjA r : + : A^A r : . 

reZ+e 

Substituting the free modes of / and g into , it becomes 

1 



(5-29) 
(5-30) 

(5-31) 
(5-32) 



XT = 



ijia 



2 m ,„ez WmW ™ 



E 



A of „— i(m— n— 2(i)t— i(m— n)cr /it R i(m~n~2jl)T+i(m—n)a 



(5-33) 



Therefore we can represent all the general operator solutions by using only free modes. 

We now explicitly present the (anti) commutation relations for all the modes, in order to demon- 
strate that they are perfectly free-modes: 

• The nonvanishing commutation relations between the modes of bosonic fields are 



[x + ,p~] = [x~,p + ] = -i, [d+,a~] = [a+,a~] = -mS m+n , 
[ x k :P l ] = i5 kl , [c&, a l n ] = [c&, a l n ] = mS kl 8 m+n , 
[A m , A\] = sgn(m - £)<5 m , n , [B m , B^] = sgn(m + £)<5 m , n . 



(5-34) 
(5-35) 
(5-36) 



• The nonvanishing anticommutation relations between the modes of ip± and ipo± are 

{4>+,4>J} = {i{>+,il>J} = -5 r+s . (5-37) 

• The nonvanishing anticommutation relations between the modes of X± and A^_ are 

{X r ,Xt} = {X r ,\t} = 5 r . s . (5-38) 

• The nonvanishing anticommutation relations between the modes of ip± are 



(5-39) 



In this paper 5 m+n and S r ± s denote the Kronecker delta, namely <5 m +n,o and <5 r ± s ,0- All the 
other (anti)commutators between the modes vanish. We confirm in the next section that these 



15 



(anti)commutation relations of the modes are consistent with the canonical anticommutation rela- 
tions of bosonic fields and fermionic fields. 

Here we mention important notice. They are free mode representations but they are not what 
we call free field representations in the conformal field theory. Because x~ which is the zero mode of 
Xq does not commute the twist factor ft which has the momentum p + , the commutation relations 
between the fields Xq and /, g, X± and their Hermitian conjugate fields do not vanish. We cannot 
remove these quantum interaction, however x~ is absent in the fields 8±Xq , so that 9±Xq are just 
the same as free fields. Therefore we can calculate the super- Virasoro algebra without problem. 

Finally we write up the definition of the normal orderings about the modes of /, g, X±. 

• The normal orderings of AnA n and BnB n are 

: AlA n : = { f ^ ^ > » > (5-40) 




B\B n (n > -/}) 



:BlB n :={ ^ ' (5-41) 

^ B n B ] n (n<-A), 



• The normal orderings of \ r \ r an d \ r \ r are 

= ( ^ > ^ (5-42) 

—X r Xr [r < //) , 

:XiX r : = { f A ; t (5-43) 
[ -A r A; (r < -fj,) , 

Here, we assume that fi is a real number excluding all integers and all half integers. Of course, the 
normal orderings of the modes a^, ct^, and a„ are exactly the same as that in the usual case 
of free fields. The normal ordering plays an important role in the calculation of the anomaly of the 
super- Virasoro algebra given in §7. 

§6. Proof of the free-mode representation 

In this section we prove that the general solutions appearing in §3 and the free-mode repre- 
sentations appearing in §5 satisfy the canonical (anti) commutation relations for all the covariant 
string coordinates and all the covariant fermionic fields. Because we need the canonical momentum 

to quantize the string coordinates, we obtain the canonical momentum from the action (|2-14p using 

p _ 9Sm p_ _ 9S M nnr i p_„ _ 9S M . 
A 4 — 0(S T XM)> rz ~ d(d T Z) dIlu rz ~ d(d T Z*)- 



2na' 



d T X~ + l -j(Zd a Z* - Z*d a Z) + n 2 d T X + Z*Z 
-f(V|>|-^*^) + ^(^f + Z*^) + ^±(Z^* + Z*^) , (6-1) 
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27TQ' ' 

Pz = 4^7 \- 8tZ * ~ ^ d - X+Z * + ^+^+ - VCtyf*)] , (6-3) 

Pz * = ^7 + ¥9<rX+Z - n{i>t^l - #ty£)] , (64) 

p k = ^~ld T X k . (6-5) 
lira' 

Here we note that it is not necessary to consider the momenta of the fermionic fields tt^a by the 
reason from §4. Although the momentum appears complicated, it can be put into a simpler form by 
using the fields X + , X + , Xq , X k , f, g, and X± which appear in the free-mode representation 
discussed in §5. The field P+ becomes the most simplified: 

P + = -^M -, (6-6) 

Pz = 4^7^ + [d + f + d.g* + ~ &-)] , (6-8) 

Pz* = e ~^ + [d+f + d ~9 ~ KK X + ~ ^- X ~)] > I 6 " 9 ) 
Pk = ^~ 1 d T X k . (6-10) 

Z7TQ' 

Let us remember the canonical (anti)commutation relations (|4- 10p - (j4- 18j) in §4 for quantization. 
First, let us explain almost self-evident parts of the proof. 

1. The proof of the canonical commutation relations between bosonic fields without X~ , Pz and 
Pz* is the same as the proof in our previous paper. 1 ) The reason why we remove X~ , Pz and 
Pz* is that these fields contain fermionic fields. X + , X k , and P^ are trivially free fields, so 
that these fields commute with all the other bosonic fields and fermionic fields. P_ commutes 
with all the fields without Xq in X~ . Therefore P_ and X~ satisfy the usual canonical 
commutation relation. Moreover Z and Z* commute with all the fermionic fields. So they 
commute with the fermionic part of X~ , Pz and Pz*- Thus Z, Z*, X~, Pz and Pz* satisfy 
the usual canonical commutation relations, and moreover, P + commutes with X~ , Pz, Pz*-, 
ip%, i\) Z A * and because P + commutes with X + , in the light of the previous paper. 1 ) 

2. The canonical commutation relations about tt^a are the same as those of ip A through the 
relation tt^a = 4^7 ^W^a- Because is the function of G^ u commute with X^ trivially. 
So the canonical commutation relations between tt^a and X^ are the same as the canonical 
commutation relations between ip^ and X^ . Moreover we can calculate the commutation 
relations between tt^a and P^ using the Leibniz rule and the commutation relations between 
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Pft and Gav whose commutation relation is calculated by the canonical commutation relations 
between and P^. Moreover G^ v commute with ip 1 ^. Thus we can prove the commutation 
relations about tt^a, using the canonical commutation relations about ip^. 

3. Clearly, tp\ are the same as the ordinary free fermionic fields. Thus iph satisfy the usual 
canonical anticommutation relations and ip\ (anti)commute with all the other fields. 

4. The commutation relations between ifij. and ip~Z are reduced to the commutation relation 
between ipj^ and ip^ because ip~t (anti)commute with all the other fields. 

5. We have constructed the free-mode representations from the canonical commutation relation 
between X~ and ip\ in §5, so that these relations and their Hermitian conjugate relations are 
satisfied trivially. Moreover X~ commutes with ip~2 because X~ commutes with Z, Z* , Va> 
iI>a* and ip\. 

We present all the important parts of the proof in next subsections. 

6.1. Canonical anticommutation relations between ip^ 

In this subsection we prove the canonical anticommutation relations between ip'i. First we prove 
the canonical anticommutation relations between ip% and ip^* . Second we prove the canonical anti- 
commutation relations between ip^ and ip\ (^a* ) • Finally we prove the canonical anticommutation 
relations between ip^ . The other anticommutation relations between ipfc have already been proved 
in the previous subsection. 

6.1.1. Canonical commutation relations between and ip^* 

In the proof of the canonical anticommutation relations, we had better use the Eqs. (|3T9p and 
(|3-20p which are represented by using the fields Z and Z* . Of course, we can also prove them 
by using the fields / and g. First we can prove that X±(o~ ± ) commutes with ip±, X + , Z and Z* 
from the canonical anticommutation relations, so that the anticommutators between ip± and ip±* 
become the product of e - l f J -i x+ ( cr )- x+ (°' )] anc l the simple anticommutators between X± and A±, 
namely the anticommutators {ip±(T,o~),'ip±*(T,o~')} are 

W|(T,a)^f(T,a')} = e-^ + W-^ + ( CT, )]{A ± (a + ),Ai(a /+ )}. (6-11) 

Let us pay attention to the case of the anticommutators between A+ and A5_. Substituting the 
mode expansions of A+ and A+, this anticommutator becomes 

{iPl(r,a)^l*(T,a')} = 2a'e-^ + ^ + ^ £ {A r , \\}e< r -to° + 
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= 4 ra 'e- i ^ + W-^ + le i ^ + M-' i/ l x — V e -"(— ') (6-12) 

27T ^ 

rSZ+e 

where {A r ,Aj} = 5 r _ s , and the last term is corresponding to the delta-function. We must note 
that the anti-periodic delta-function arises when A+ and A+ are the NS fermions. Using the delta- 
functions and the periodic function F{a) = — i[fj>X + (a) — the anticommutator becomes 

SI Z( \ ,z*. / u j^a'e F ^- F ^S(a-a') : R sector, 

When we treat the case of the R sector, the function e F ^~ F ^ a '^ becomes 1 using the property of 
the periodic delta-function because this function is a periodic function of a. When we treat the 
case of the NS sector, we use the property of the anti-periodic delta-function as follows: 

[F(a) - F(a')]5{a - a') = 0, (6-14) 

where we can prove this relation (|6- 14j) by using the Fourier expansion. Moreover Taylor expansion 
of the function e F ^~ F ^ a '^ is 1 + Yln=i n\\-F(cr) — F(a')] n , so that this function also becomes 1 in 
the case of the NS sector of Eq. (|6- 13[) . Therefore the canonical anticommutation relation (|444p is 
proved, because we can also prove the case of ■0? and using the same procedure. 
6.1.2. Canonical anticommutation relations between (ip±*) and 

First we prove the canonical anticommutator relation {t/)±(t, a), ip± (r, a')} = 0. Using the 
general solutions (|3- 19|) . (|3-27p . (|3-28p and the canonical anticommutation relations (|4T3p . (|4-14|) . 
the anticommutator are reduced to 

{V|(r, a), ^ (r, a')} = T i^t^)^± ( T > °')} Z (°) =F ^Z(c/) {?/>f (r, a),^* (r, a')} 



{±2ma'[Z{o) - Z(a')]5{a -a') : R sector, 



(645) 



" \±2ma'[Z(a) - Z(a')]S(a - a') : NS sector. 

Here Z[a) is the periodic function of a, so that we can use the relation (|644p in the NS sector again. 
The usual property of the periodic delta-function can also be used in the R sector. Therefore the 
anticommutators become zero. We can prove the case of V±* 

using the same procedure or taking 

the Hermitian conjugate of ip±. 

In this proof, we can obtain the useful formulae from Eq. (|645p . First, from the canonical 
anticommutation relations between ^(t, a) and if)±(a /ziz ), the following relations are given: 

{rfc^MUo*)} = h M5 S° ■ R SeCtOT ' (6-16) 

X 0±y ' ±V " \-27Ta'5(a-a') : NS sector, V ' 
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because (anti) commute with all the other fields. Second, from the canonical anticommutation 
relations between ip±(r,a), ip^*{r,a) and iP±(t, a'), the following relations are given: 

{^•(t^.VqSCo^)} 

because the fields if)± and have ^ which do not anticommute with ipQ+. These formulae are 

used in the next subsection (6.1.3). 

6.1.3. Canonical anticommutation relations between 

These anticommutation relations, which are shown in the Eq. (|4T2p . are not zero in the pp-wave 
background. Let us calculate the anticommutator {ip± (t, a), (r, <r')}, where the general operator 
solutions of ipT are presented in Eqs. (|3-27p and (|3-28|) . The free field V>o± (anti)commute with all 
the fields without ip±, and ifi±*. Thus the following fields survive in the anticommutators 
{il)g(r,a),if)g (r, a')}: 

{^{T,o),^{Ty)}=± l -»Z{a>){^ 

-H 2 {%Z{a±)^±{o> ± )}Z*{o>)Z{<T>) 

±^z*( ( 7){^(a),v^(^ ± )} + ^ 2 ^(a)^(a'){^(a),^f(a')} 

-f{1,i(o ± ),il>te(o*)}Z*(*)Z(v). (6-19) 
Using the useful formulae f|6- 16|) - ()6- 18j) . we can reproduce the canonical anticommutation relation 

dH2D - 

We have to note that we can also identify the world-sheet coordinates of the periodic function 
F(o~) in the case of anti-periodic delta- function 5 (a — a') from the relation (|6-14p . Thus F(a')5(a — 
a') = F(a)5(o~ — a'). Moreover we have to take notice of {V , o±( CJ= ' : )> ipQ±(o''^ z )} = 0, which means 
that ip Q ± are just free fields. 

6.2. Canonical commutation relations between P^ and ip 1 ^ 

In this subsection we prove the canonical commutation relations between P^ and jp't. First 
we prove the canonical commutation relations between Pz (Pz*) and ^ (V"±*)- Second we prove 
the canonical commutation relations between Pz , Pz* and . The other canonical commutation 
relations between P^ and have already been proved in the previous subsection. 
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±i2ira' /j,Z5(a — a') : R sector , 

±i2na' /j,ZS(a - a') : NS sector , 1 ' 

=fi2ira' ^Z*5(o~ — a') : R sector , 

=fi2ira' ' \iZ <*5(a — a') : NS sector , 



Pf = — — \d + Z* + d-Z* - ifi(d+X + - d-X+)Z*} , (6-21) 

47TQ' L J 

Pz = ir-iH^l* ~^ z *], (6-22) 



6.2.1. Canonical commutation relations between Pz {Pz*) an d (V'a*) 

We calculate the commutation relations [Pz(t, (t),i/)±{t, a')]. First we divide Pz {Pz*) into the 
bosonic part P% (P|t) and the fermionic part Pj (Pf*) as follows: 

P z = Pf + Pf, (6-20) 
1 

47tq' 
47ra' 

where Pz* is obtained by Hermitian conjugate of P^. Therefore the commutators between Pz and 
^ become as follows: 

[P z {r,a),^{r,a')] = [Pi {a) + Pj(a), ^f(a')] = [Pf (a), ^f(a')] + [Pf (a),^')]- (6-23) 

We have to note that have the field Z in Eq. (|3- 19|) . so that the commutation relations become 
as follows: 

[P#(r,a),Vf (r,a')] = ^/x^(a' ± )[P|( CT ), Z{o')\ 

= T^Ucr' ± )8(a-a'). (6-24) 

Moreover the commutation relations between P^ and ip± become as follows: 

l±/i-i/yT(<7 )o(cr — cr J : Nb sector . 
In the case of the R sector, we can identify the world-sheet coordinates, so that the commutator 
([6-23P vanish. In the case of the NS sector, using the relation (|4-9|) . the commutator (|6-24p become 
as follows: 

[PB(r,a),^(T,a')}=T^t(cr ± )S(a-a'). (6-26) 

Therefore the commutators (16- 23f) also vanish in the NS sector, so that the canonical commutation 
relation [Pffr, a), ip±{r, a')] = is proved. 

6.2.2. Canonical commutation relations between Pz, Pz* an d ip^ 

Let us pay attention to these commutation relations which are not zero in the pp-wave back- 
ground. We calculate the commutator [Pz(t, a), ip± (r, a')]. Here P^ commute with Z* and 
and the commutators between Pj^ and ip± are written in Eq. (|6-24p . and we have to note that Pj, 
dose not commute with if)±, so that the commutators are reduced to 

[iMT,*),V£(T,oO] = ^MJf(^ 

-fy±Z*(a')[P*(a),Z(a')} + [Pf (a), ^ (a% (6-27) 
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Here the commutators [P£(ct), •i/>_ t (cr')] are calculated as 

[Pf = T^^(a){^i(aUZ^)}- (6-28) 

Thus the commutators become the following form: 

[P z (T,aUZ(r,a')] = (r^IV) " Y Z *^ a '^ \Pz(<?),Z{o')] T ^^(a){^(a),^(a')} 

(6-29) 

Here we note that the delta-function from [Pz(o~), Z(a')\ is the periodic delta- function, and in the 
case of the R fermions, we obtain the periodic delta-function {ip±(a), ip± (a')} = —2Tia'5(a — a'). 
So we can calculate it easily and we obtain the canonical commutation relation. In the case of the 
NS fermions, we can obtain the anti-periodic delta-function {ip± (o~), ip± (<r')} = — 2ita 5{(j — a'), 
and we use the identity (|4-9p for the NS fermions. Therefore we obtain the same result as the R 
fermions, so that we can confirm the canonical commutation relation (|4-17|) . We can also prove the 
commutation relation <|4- 18[) using the same procedure. 

6.3. Canonical commutation relations between the bosonic fields 

In this subsection we prove the commutation relations between the bosonic fields and their 
momenta, in particular X~ , Pz and Pz* which have fermionic fields. First we prove the commu- 
tation relation between Pz and Pz* ■ Second we prove the commutation relations between X~ and 
X~ . Third we prove the commutation relation between X~ and Pz (Pz*)- The other commutation 
relations between the bosonic fields and their momenta have already been proved in the previous 
subsection. 

6.3.1. Canonical commutation relation between Pz and Pz* 

We prove [Pz(t, a),Pz* (t, a')] = 0. Since Pz and Pz* contain the fermionic fields, we divide Pz 
(Pz*) into the bosonic part P% (Pz*) an d the fermionic part Pf (Pz*)- Therefore the commutator 
is 

[Pz(r,a),Pz(r,a')] = [P*(a) + Pf(a), Pf*(</) + Pf*(<r')] 

= [Pf (*),Pf.(^)] + [Pf(*), J&O/)] + [PU°),Pl(°')) • (6-30) 

Here we proved [PfO), Pf* (a')} = exactly in the previous paper. ^ So we have only to prove 
[Pf (t,<7),P£,(t,ct')] = because the commutator [P|(ct), Pf* (a')] and [P|(ct), Pf,(V)] are triv- 
ially zero. The commutation relation [P£(t, a), P%* (t, a')] becomes as follows: 

[PE(r,a),Pl(r,a)\ = - ([^(a^f >), ^(a')^')J + ^(a)^(a),^(a')^ z (a')]) . 

(6-31) 
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anticommute with all fermionic fields other than ip +, so that the commutator is reduced to 
the following: 

(6-32) 

where {ip±*(a), i>±*(<j')} = ^a'5{a - a') in the R sector and {ip^*(a),^*(a')} = Aira'5(a - a') 
in the NS sector. Using the relation (!4-9p . we can make the periodic delta-function even in the NS 
sector, so that we identify the world-sheet coordinates of i/j±((t)iP±((t'). From the canonical anti- 
commutation relations {ip± (c), ip± (c')} = 0, (ip±) 2 vanishes. Therefore the commutation relation 
[Pz(t,ct),Pz*(t,(t')] = is proved. 

6.3.2. Canonical commutation relation between X~ and X~ 

We calculate the commutator [X~ (r, a), X~ (r, a')]. Here we define X^, which is the bosonic 
part of X~ , as Xq +X^+X^ ■ We proved [X^(r, a),X^ (r, a')] = exactly in the previous paper 1 ) 
and [Xg (r, a), X^p(r, a')] is trivially zero, so that we have only to prove [X± f (t, u),X^ f (t, a')] = 0, 
where X^ F (r, a) is defined in (|5-26p . We have only to prove the case of r = because we can describe 
the time evolution using the Hamiltonian of the system in the same method of the previous paper. 1 ) 
The commutator becomes the following: 

[X- F (a),X- F (a')}\ T=0 

— . — 1 _. _ . 

mo I 



= -fi 2 a' 2 y~] y~] [AjA m+r e ima - \\\ m+r e ma , \\\ n+s e %nu - X\X n ^ 

— ' mn 

= -fi 2 a' 2 V V — ( [XfX m+r , \\\ n+s ]e- im °- m °' + [At A m+r , X\X n+s \e m ° +m A . (6-33) 

^-^ ^-^ mn \ J 

m, n^O r,s&Z+e 

Here we use the formula of commutation relation of Grassmann numbers: 

[af3, 7 (5] = a{P, 7 }<5 - {a, j}(35 + 7 a{/3, <5} - 7 {q, 5}f3 , (6-34) 
where a, j3, 7, 5 are arbitrary Grassmann numbers. Using this formula, the commutator becomes 

[AjA m + r , AjA n + s ] = ^AjAn+s^-s+m, — AjA m + r (5 s _ r + n ^ 

= ^A,|.A ra+m+r — Aj_ n A r .f m J . (6-35) 

After carrying out the summation over s, we change the suffix as r — > r — n in the first term in 
Eq. (|6-35p . so that this commutator vanish. We can prove the case of A r in the same method. Of 
course we can prove the case of r 7^ 0. Therefore [X~ (r, a), X~ (r, a')] = is proved. 
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6.3.3. Canonical commutation relation between X and Pz (Pz*) 

We prove the commutation relation [X~ (r, a), Pz(t, cr')] = 0. We can divide X~ into X^ and 
X^ F . and moreover, we can also divide Pz into P% and Pj\ We proved the commutation relation 
between X^ and P% in the previous paper, 1 ) and the commutation relation between X^ F and P% 
is trivially zero. So we have only to prove the commutation relation between X~ and P%. 

[X-(T,a),P z (T,a')] = [X-(T,a),P%(T,a')] (6-36) 

where P% consists of and ip±* ■ commute with X~ trivially, and we have already proved 
the canonical commutation relation between X~ and ip±* in the previous section. Therefore the 
commutation relation between X~ and Pz is proved. We can also prove the case of Pz* using the 
same methods. 



We have thus completed the proofs of all the equal-time canonical (anti)commutation relations 
in the free-mode representations. 

§7. Super- Virasoro algebra and anomaly 

In this section we define the energy-momentum tensor, the supercurrent and the super- Virasoro 
generators using the normal procedure. It is characteristic that they are represented as almost free 
cases in using our general operator solutions and our free mode representation. Therefore, we can 
exactly calculate the commutators or the anticommutators between the super- Virasoro generators 
and obtain the super- Virasoro anomaly. 

The energy momentum tensor of the matter is defined as the response to variations of the 
world-sheet zweibein in the action, and the supercurrent of the matter T^ aA is similarly defined as 
the response to variations of the world-sheet gravitino in the action f|2- 1|) : 

M _ 2vr 5S M _ m v^vri 5S M ,„ 1 s 

where A is the spinor component, and the variation of gravitino is performed from the right-hand 
side. Due to the tracelessness of the energy momentum tensor and the supercurrent, the only non- 
vanishing components are T±± and T^_,. Here, the energy momentum tensor T±± are written in 
the world-sheet light-cone coordinates (cr^) system according to the rules of tensor analysis, and 

++ ( ) in the supercurrent Tpl, (2pr__) denotes the a + (cr~) vector component and the upper 

(lower) spinor component. We fix the covariant gauge as e Q a = 5 Q a and Xa = after the variation 
of the action. Therefore the energy-momentum tensor and the supercurrent of the matter in the 
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pp-w&ve background with the NS-NS flux are 
1 



-.M 



a' 



2d + X + d + X' - fi 2 Z*Zd + X + d+X + + d + Z*d+Z + d+X k d+X k 



1 



- n z d + X + Z*iPX^ - /j, z d+X + Zil>Xi>+ - i^d + Z^+^i* + iiid + Z*i/>%i/>Z 

+ ^ + X + ^^*-^ + X + ^^ + ^Xd + ^ + }] , (7-2) 
- 2d-X+d-X- - n 2 Z*Zd-X + d-X+ + d-Z*d^Z + d^X k d-X k 

+ 1{ - - ipid-ipt - n 2 z*Zi/>±d-ii>t + ^ z d-i/j z * + 

- f/d-X + Z*iptip z - n 2 d^X + Zxp±ip z * + ifj,d-Zip±ip z * - ind-Z*ip±ip z 



-iM 



F 



72 



a' 



72 



a' 



- ^X d + X ~ - Tp+ d + x+ - V 2 Z*ZipXd+X + 

+ l -i> z d + z* + ^ z *d+z + ^%d + x k - 

- rptd-X' - ip!d-X + - fj, 2 Z*Z4>±d-X + 

+ ^j z d-Z* + -y-i) /. + i- u i) \ h + x -^+^ z * 



(7-3) 



(7-4) 



(7-5) 



Moreover, substituting the general solutions of the matter, ([^- (fgTBD . (l3~T5]l . (EMU!) . ([349]), (EHUD . 
()3-29j) . (|3-30p and (|5-23p . into the energy-momentum tensor and the supercurrent, they become 

1 



T 



M 



a' 



-F++ 



a' 



72 



a' 



- 2 : 9+X+5+X - : +^d+X + {J B + J F )+ : d+f*d+f : + : d+X fc d+X fc : 

+ ~{- : i>X d +^+ ■ ~ ■ %X d +^X ■ +\ ■ X + d +K ■ +\ ■ A ^+ A + : + : = } 

(7-6) 

- 2 : d-X + d-X Q : -fid-X + (J B + J F )+ : d-g*d-g : + : d-X k d-X k : 
U- : if>td-if>^ : - : ^ Zd-^t : +i : A_<9_A*_ : +~ : A*_d_A_ : + : ^Ld-ift : } 



+ 



_ 72 



#t0_JC - %Zd-X+ - ^±(Jb + Jf) + + ~A* d_ 5 + ^ k d-X k 



(7-7) 



(7-8) 



(7-9) 



Although the interaction remains in the terms d±X + {J^,+ Jf) and ^^(./b + </f)> we can completely 
calculate the anomalies of the super- Virasoro algebra in the same manner as the free fields. 
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Next, we define the super- Virasoro generators, which are the Fourier coefficients of the energy- 
momentum tensor and the supercurrent : 

?M _ f 2w da ina M T M _ [ 27T da ina M 

n ~J 2vr e n ~ Jo 2vr e U ' iUj 

f 27T rirr f 2n rlrr 

Gr -J to* Tp++ ' Gr -J 2^ 6 Tf — (7 " 11} 

The generator Lf (Lf) can be divided into L ( n~ k) {L^' k) ), which is a part of X+, X , X k ,4> + , 
ipQ , ip k , Jb and Jf, l{% {L 9 n ), which is a part of / (g), and L\ (L%), which is a part of A + (A_), as 
ZM = l(+~k) + + and L M = L (+-fe) + L 9 + L A_ We can ana i g 0US i y divic i e the generator Gf 

(G™) into Gj + ~ fe) (G { r + ~ h) ), which is a part of X+, Xq , X k , V + , V> fc , Jb and J F , G, A/ (G Afl ), 
which is a part of / and A+ (g and A_), as Gf = G^ +_fe) + G A/ and Gf = G r + ~ k) + Gr 9 . Moreover 
in our free-mode representation, the super- Virasoro generators are as follows. 

• Llt~ k) and L ( r t~ k) in the super- Virasoro generators are 

] 

|) : : ] 

(7-12) 

] 

\ ) : itf-rtf = ] 

(7-13) 

• Ln, Ln, and L\ in the super- Virasoro generators are 

Ui = (m - n - A)(m - A) : i^_ n i m : , (7-14) 

J£ = I] (™ - n + A)(m + A) = ALA : , (7-15) 

~ L n= E (r-^-A):At_„A r :, (7-16) 

L n= E (r-|+A) :Aj„„A r : . (7-17) 

reZ+e 



4 + - fc) = ^Et- 2: < + 

m£Z 

+ J E ["2(r-^) :^+_ r ^ r - :+(r 



+ -F=«n(^B + Jf) 

V2a 



rv • + ■ a k a k 



4 + - fe) = ^Eh 2: ^ 

+ J E [-2(r-?):^-A-:+( 



=«+(Jb + Jf) • 



'2a! 
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• G r + ; G r + k \ G X ^ and Gr 9 in the super- Virasoro generators are 

<?(+-*) = ^ [ - ^+ „a; - i>;_ n d+ + i_ n a^] + -^=&(Jb + Jf) , (7-18) 

= ^ [ - lPt-n»n - </V-n«n + V>r-„"n] " ^=^r + (^B + J F ) , (7-19) 

nez 

G A ' = i J> - £)(An+rit _ At _ r i n ) , (7-20) 
= i £(n + A)(An+r^t - At _ r ^n) . (7-21) 

Here we define at = at = J ^p ± , a^ = «g = J ^p k , A n = 1 = A n , B n = 1 B n , and 
moreover fi = fia'p + , e = in the R sector and e = \ in the NS sector, as we define in previous 
section. 

Calculating the commutators between the generators Ln, L n , L x and L x , we obtain 





= (m 


— n 


)^m- 




(7-22) 


i^m, L 9 n ] 


= (m 


— n 




hn + A 9 (m)5 m+n , 


(7-23) 


[L m , L n ] 


= (m 


— n 




kn + A x (m)5 m+n , 


(7-24) 




= (m 


— n 




hn + A x (m)S m+n , 


(7-25) 



where A^(m), A 9 (m), A x (m) and A x (m) represent the anomalies of the algebra for Ln, L n , 
and ; the anomalies are 

A f (m) = = -(m 3 - m) - (A - [A])(A - [A] - l)m , (7-26) 
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i x (m) = A A (m) = I l^( m3 ~ m ) + I m + (A ~ [AD (A - [A] - l)m : R sector , 

I ^(m 3 — m) + (A — [A + g] ) m '■ NS sector . 



where [A] is the greatest integer that is not beyond A> namely, the Gauss' symbol. Because the 
twisted fields / and g are complex fields, and each of them has two degrees of freedom, the coefficient 
I appears in Eqs. (|7-26p . As a known case, the anomalies of the algebra for L n + ^ and L n + ^ are 
A^ k \m) = A^ k \m) = -^^(m 3 — 2em). Next, the anticommutators between the generators 
G X and Gr 9 are 

{G x f, G?} = 2(L r A +s + U r+S ) + B x f(r)5 r+S , (7-28) 
{Gr 9 , G Xg ] = 2(L X +S + L 9 r+S ) + B X9 (r)5 r+s , (7-29) 

where B x $ (r) and B X9 (r) represent the anomalies of the algebra for G X ^ and G Xa ; the anomalies 
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are 



B xf (r) = B X9 {i 



r 2 : R sector , 

r 2 ~ \ + [A+ i] 2 - [A] 2 " [A] " 2([A+ |] - [A] - |)A : NS sector. 

(7-30) 



When we gather the super- Virasoro generators for the matter, then the super-Virasoro algebra 
becomes 

'LZ L™] = (m - n)L^ +n + A M (m)6 m+n , [Z& L™] = (m - n)L^ +n + ^ M (m)5 m+n , (7-31) 

[-^m> ^] = ("2" ~~ r ) ^m+r ' [ L mi ^] = (y ~~ r ) ^m+r > (7-32) 

{G r M G^} = 2L r M +s + B M (r)S r+s , {G™, Gf } = 21%.. + S M (r)<5 r+s , (7-33) 



where the anomalies are 



^m 3 : R sector , 



A M {m) = A M {m) = { 



■^(m 3 — m) 

+ ([A + if ~ [A] 2 - [A] - 2([A+ \] - [A] - §)A)ro : NS sector, 



(7-34) 

|r 2 : R sector 

B M (r) = 5 M (r) = < 



|r 2 : R sector , 

k +[A + ^] 2 -[A] 2 -[A]"2([A+i] -[A]-s)A :NS sector. 

(7-35) 

Finally, we simply comment on the super-Virasoro algebra of ghosts and antighosts. 21 )' 22 ) The 
super-Virasoro generators of them are 



^n 1 = ^2(n + m) : b n ^ m c m : +- ^ (3ra - 2r) : 7 n „ r /3 r : , (7-36) 

meZ reZ+e 

^ h = (n + m) : 6„_ m c m : +- ^ (3n - 2r) : 7 „_ r /3 r : , (7-37) 
Gf = -2 ^ &r-7. + ^ E ( s " 3r ) ' ( 7 ' 38 ) 

Gf = -2 X: &r-»7. + \ Y, ( s - 3r ) c — & ' ( 7 ' 39 ) 

where c n {c n ) are the oscillator modes of the left (right)-moving ghost of c a , and b n (b n ) are the 
oscillator modes of the left (right)-moving antighost of b a p, which has only two components because 
it is a traceless symmetric tensor, namely 6 Q a = 0. 23 )' 24 ) Moreover, j r (j r ) are the oscillator modes 
of the left (right)-moving ghost of 7 which has spinor components, and (3 r {(3 r ) are the oscillator 
modes of the left (right)-moving antighost of /3 a , which has only two components because it is 
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traceless, namely 7 Q /? Q = 0. (This 7" is the two-dimensional Dirac matrix.) In terms of the modes 
the anticommutation relations are {c m ,6 n } — {c m ,6 ra } — 5 m -^ n , and the other anticommutators 
between c n , b n , c n and b n vanish. The commutation relations are [7 r ,/3 s ] = [7r,/3s] = 5 r+s , and 
the other commutators between j r ,P r , 7 r and (3 S vanish. Of course, the modes of c a and b a p are 
commutative for the modes of 7 and (5 a . It should be note that the anomalies A gh (m) and A sh (m) 
of the algebras [Lm, Ln 1 } and [Lm, L n h ] are — |m 3 in the R sector and — |m 3 + \m in the NS sector. 
In addition, the anomalies of B sh (r) and B gh (r) of the algebras {G r ,G s } and {G r ,G s } are — 5r 2 
in the R sector and — 5r 2 + \ in the NS sector. 

§8. The nilpotency of the BRST charge 

In the type II superstring theory, the left modes and the right modes are independent. There- 
fore, the BRST charge can be decomposed into the left modes and the right modes as 

Qb = Qb + Qb, 

where 



(8-1) 



7- 



(8-2) 
(8-3) 



m£Z L J reZ+s 

Here a is an ordering constant. Concentrating our attention on the normal ordering of the mode 
operators, especially with regard to the ghosts, we obtain the square of Qb- 

Qb = \[{Q^Qb} + {Qb,Qb} 

= 2 E [(l^m, L n ] - (m- n)L n+m ^c- m c- n + ([L m , L n ] - (m - n)L n+m ^j 

+ \ E [({Gr,G s }-2L r+s ^% r % s + ({G r ,G 8 }-2L r+s ) 7 _ r 7. 
= - E (c 

E 5 ( r ) (7-r7r + 7-r7r) , 



C—m.C—r 



where L m , L m , G r and G r are the total super-Virasoro generators as follows: 

L m = -t'ra + ~ a ^m,0 , L rn = + Lf^ — a5 m fi , 

G r = Gf + Gf h , G r = G^ 1 + Gf h . 



(8-4) 

(8-5) 
(8-6) 



A(m) and B(r) are the total anomalies from the total super-Virasoro generators, and we can exactly 
demonstrate them using the results of the anomalies of the matter in the previous section and the 
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known anomalies of the ghosts. As a result, the total anomalies are 

^g^m 3 + 2am : R sector , 
A(m) = i. ^(m 3 -m) (8-7) 

+2(a- \ + [fi + \] 2 ~ [A] 2 - [A] -2([A+ 5] - [A] - 3)A)m : NS sector, 

r D^io r 2 + 2a : R sector , 



B(r) 



+2 (a - \ + [A + \f - [A] 2 - [A] " 2 ([A + 2] - [A] - 3) A) : N S sector . 
If the anomalies are zero, the square of the BRST charge vanishes. Because the BRST charge 
must have the property of nilpotency, the anomalies must be zero. Thus we can determine the 
number of spacetime dimensions and the ordering constant in the pp-wave background with the 
NS-NS flux: 

D = 10, a = :R sector, (8-9) 

D = W, a = i- [A + ^] 2 + [A] 2 + [A] + 2([A + ^] -[A]-^)A :NS sector. (8-10) 

Considering the spectrum of the superstring in the pp-wave background, the physical state 
must satisfy QB|phys) = 0. Using our free-modes, we can get them. 

§9. Conclusion 

In this paper we have canonically quantized the closed RNS superstring in the pp-wave back- 
ground with the non-zero flux of the field using the covariant BRST operator formalism. In 
this pp-wave background with the flux, we have constructed the general operator solutions and 
the free-mode representations of all the covariant string coordinates and fermions. Moreover, we 
proved that the free-mode representations satisfy both the equal-time canonical (anti)commutation 
relations between all the covariant superstring fields and the Heisenberg equations of motion, whose 
form is the same as that of the Euler-Lagrange equations of motion in the pp-wave background with 
the flux. It is worth noting that the zero mode x~ of Xq has played important roles in this study. 
Since the energy-momentum tensor and the supercurrent take very simple forms in the free-mode 
representations of the covariant string coordinates and fermions, we have been able to calculate 
the anomaly in the super-Virasoro algebra. Using this anomaly, we have determined the number 
of dimensions of spacetime and the ordering constant from the nilpotency condition of the BRST 
charge in the pp-wave background with the flux. The spacetime supersymmetry is realized due to 
the condition like the GSO projection based on the difference between the R sector and the NS 
sector. 
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